We give a positive answer to a Conjecture by Manjul Bhargava, Daniel M. Kane, Hendrik W. Lenstra Jr., Bjorn Poonen and Eric Rains, concerning the cohomology of torsion subgroups of elliptic curves over global fields. This implies that, given a global field k and an integer n, for 100% of elliptic curves E defined over k, the n-th Selmer group of E is the intersection of two direct summands of the adelic cohomology group H 1 (A, E[n]).
Introduction
Let k be a global field (a number field or the function field of a curve over a finite field), and let Ω be the set of places of k. If v is a place of k, we denote by k v the localisation of k at v, and by O v its ring of integers. We denote by A the adele ring of k, defined as the restricted product
In this paper, all cohomology groups are computed with respect to the fppf topology. When M is a smooth commutative k-group scheme, the fppf cohomology groups H i (k, M ) agree with the Galois cohomology groups.
If M is a k-group scheme, we define X i (k, M ) for i = 1, 2 as
If E is an abelian variety defined over k, we let E(A) := v∈Ω E(k v ). Furthermore, if n > 0 is an integer, we let
where
We have a natural commutative diagram
in which the horizontal maps are the Kummer maps, and the vertical maps are obtained by localisation. It was proved in [1, Proposition 6.7 ] (see also [4] ) that the Kummer exact sequence splits. This implies that the image of the Kummer map δ is a direct summand of H 1 (A, E[n]). It was conjectured in [1, Conjecture 6.9 ] that the image of β n should also be a direct summand of H 1 (A, E[n]) for 100% of elliptic curves E defined over k (for the exact meaning of this 100%, see the comments after Corollary 1.2). The motivation for this conjecture is the following: if β n is injective (which holds for 100% of elliptic curves over k), then the n-th Selmer group of E is isomorphic to the intersection of the images of δ and of β n in H 1 (A, E[n]). Based on some heuristic arguments-and by analogy with the case when n is a prime number-Selmer groups of elliptic curves are modelled in [1] as the intersection of two direct summands of
The aim of this short note is to prove the following result.
Theorem 1.1. Let E be an abelian variety defined over k, and let E t be its dual abelian variety. Let n > 1 be an integer such that
Then the map
is injective, and its image is a direct summand of
We deduce the following corollary, which answers positively to [1, Conjecture 6.9].
Corollary 1.2. Let k be a number field and let n > 1 be an integer. For 100% of the elliptic curves E defined over k, the map β n is injective, and its image is a direct summand of H 1 (A, E[n]).
Here, the set of elliptic curves over k is ordered by height. We say that some property P holds for 100% of elliptic curves over k if the set of elliptic curves over k satisfying P has natural density 1 with respect to the ordering of elliptic curves by height. For example, it is a theorem that E(Q) tors = 0 holds for 100% of elliptic curves E over Q.
In the case when k = Q, we obtain, as a consequence of work by Paladino, Ranieri and Viada [6] , the following stronger result. Corollary 1.3. Let n > 1 be an integer coprime to 6. Then for all elliptic curves E defined over Q, the map β n is injective, and its image is a direct summand of
Definition 2.1. (1) Let A be an abelian group, a ∈ A, and m ≥ 1 be an integer. We say that a is divisible by m in A if there exists a ′ in A such that a = ma ′ .
(2) Let f : A → B be a morphism of abelian groups. We say that f preserves divisibility if for every integer m ≥ 1 and for every a ∈ A, if f (a) is divisible by m in B, then a is divisible by m in A. Equivalently, for every m ≥ 1, the induced morphism A/mA → B/mB is injective.
(3) Let n ≥ 1 be an integer. We say that f preserves n-divisibility if for every integer m | n and for every a ∈ A, if f (a) is divisible by m in B, then a is divisible by m in A. Equivalently, for every m | n, the induced morphism A/mA → B/mB is injective.
Lemma 2.2. Consider an embedding f : A → B of n-torsion abelian groups. Then the following statements are equivalent:
(2) f preserves divisibility;
Proof. Assume (1). Let C be a subgroup of B such that B = f (A) C. Let m ≥ 1 be an integer and let a ∈ A be such that f (a) is divisible by m. Let b ∈ B be such that f (a) = mb; let us write b = f (x) + y where x ∈ A, and y ∈ C. Then f (a) = mb = mf (x) + my,
As f is an embedding it follows that a = mx. Therefore f preserves divisibility. Thus Let
The reasoning above proves that β preserves n-divisibility; it follows from Lemma 2.2 that β preserves divisibility.
Abelian varieties
From now on, the notation and hypothesis from the introduction are in use. In particular, k denotes a global field.
Lemma 2.4. Let E be an abelian variety defined over k. Let n > 1 be an integer such that
Proof. Let m dividing n. Consider the following commutative diagram
As X 1 (k, E[m]) = 0, the morphism β is an embedding. The horizontal maps being embeddings, it follows that α is an embedding. This shows that the morphism E(k)/nE(k) → v∈Ω E(k v )/nE(k v ) preserves n-divisibility; it follows from Lemma 2.2 that it also preserves divisibility.
Lemma 2.5. Let E be an abelian variety defined over k, and let E t be its dual abelian variety. Let n > 1 be an integer such that X 1 (k, E t [m]) = 0 for every m | n. Then the map
preserves n-divisibility.
Proof. This follows from [2, Lemma 5] , but for the sake of completeness we give a short proof. By an elementary cohomological argument, if X 2 (k, E[m]) = 0 then the map Proof of Corollary 1.3. Let E be an elliptic curve defined over Q. According to [6] , for every prime p ≥ 5 and for every integer r ≥ 1, X 1 (Q, E[p r ]) = 0. The result follows from Theorem 1.1
